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We study formation of rotating three-dimensional high-order solitons (azimuthons) in Bose Ein-
stein ondensate with attrative nonloal nonlinear interation. In partiular, we demonstrate for-
mation of toroidal rotating solitons and investigate their stability. We show that variational methods
allow a very good approximation of suh solutions and predit aurately the soliton rotation fre-
queny. We also nd that these rotating loalized strutures are very robust and persist even if
the initial ondensate onditions are rather far from the exat soliton solutions. Furthermore, the
presene of repulsive ontat interation does not prevent the existene of those solutions, but allows
to ontrol their rotation. We onjeture that self-trapped azimuthons are generi for ondensates
with attrative nonloal interation.
PACS numbers: 42.65.Tg, 42.65.Sf, 42.70.Df, 03.75.Lm
I. INTRODUCTION
Studies of Bose Einstein ondensates (BEC) belongs to
one of the fastest developing researh diretions. The ma-
jor theoretial progress in this area has been stimulated
by the fast experimental advanes whih enables to inves-
tigate subtle phenomena of fundamental nature [1℄, [2℄.
In the semilassial approah the spatial and tempo-
ral evolution of the ondensates wave funtion is om-
monly desribed by the Gross Pitaevskii equation [3℄
whih reets the interplay between kineti energy of
the ondensate and the nonlinearity originating from
the interation potential leading, among others, to the
formation of loalized strutures, bright and dark soli-
tons [4, 5℄. So far the main theoretial and experi-
mental eorts have been onentrating on ondensates
with ontat (or hard-sphere) bosoni interation whih,
in ase of attration, may lead to ollapse-like dynam-
is. Reently, also systems exhibiting a nonloal, long-
range dipolar interation [6℄ have attrated a signiant
attention. This interest has been stimulated by su-
essful ondensation of Chromium atoms whih exhibit
an appreiable magneti dipole moment [7, 8, 9℄. The
presene of spatially nonloal nonlinear interation and,
at the same time, the ability to ontrol externally the
harater of loal (ontat) interations via the Fesh-
bah resonane tehniques oer the unique opportunity
to study the eet of nonloality on the dynamis, sta-
bility and interation of bright and dark matter wave
solitons [10, 11, 12, 13℄. The enhaned stability of loal-
ized strutures inluding fundamental, vortex and rotat-
ing solitons in nonloal nonlinear media (not neessarily,
BEC) has been already pointed out in a number of the-
oretial works [14, 15, 16, 17, 18, 19, 20, 21℄. In parti-
ular, stable toroidal solitons were presented in [19, 20℄.
However, sine the dipole-dipole interation is spatially
anisotropi, an additional trapping potential or a om-
bination of attrative two-partile and repulsive three-
partile interation were neessary. Various trapping
arrangements have been proposed to minimize or om-
pletely eliminate this anisotropy. In partiular, O'Dell
at al. [22℄ have reently suggested to use a series of tri-
ads of orthogonally polarized laser beams illuminating
loud of old atoms along three orthogonal axes so that
the angular dependene of the dipole-dipole nonlinear
term is averaged out. The resulting nonloal intera-
tion potential beomes eetively isotropi of the form
1/r. It has been already shown by Turitsyn [23℄ that
a purely attrative "gravitational" (or Coulomb) inter-
ation potential prevents ollapse of nonlinear loalized
waves and gives rise to the formation of loalized states -
bright solitons whih ould be supported without nees-
sity of using the external trapping potential. If realized
experimentally suh trapping geometry would enable to
study eets akin to gravitational interation. Few re-
ent works have been dealing with this "gravitational"
model of ondensate looking, among others, at the sta-
bility of loalized strutures suh as fundamental solitons
and two-dimensional vorties [24, 25, 26, 27℄.
In this paper we study formation of three-dimensional
high-order solitons in BEC with gravity-like attrative
nonloal nonlinear potential. In partiular, we demon-
strate formation of vortex tororidal solitons (solitons)
and investigate their stability. We show that suh BEC
supports robust loalized strutures even if the initial
onditions are rather far from the exat soliton solutions.
Furthermore, we also demonstrate that the presene of
repulsive ontat interation does not prevent the exis-
tene of those solutions, but allows to ontrol their rota-
tion.
The paper is organized as follows. In Se. II we intro-
due briey a saled nonloal Gross-Pitaevskii equation
(GPE). We disuss two dierent response funtions, the
above long range 1/r response and the so-alled Gaus-
2sian response yielding a muh shorter interation range.
In Se. III we reall general properties of rotating soliton
solutions (azimuthons), whih are then approximated in
Se. IV by means of a variational approah. Those vari-
ational approximations allow us to predit the rotation
frequeny of the azimuthons whih are then onfronted
with results from rigorous numerial simulations. Finally,
self-trapped higher order three-dimensional rotating soli-
tons are presented in Se. V, and we show that suh a
nonloal BEC's support robust loalized strutures.
II. MODEL
We onsider a Bose-Einstein atomi ondensate with
the isotropi interatomi potential onsisting of both, re-
pulsive ontat as well as attrative long-range nonloal
interation ontributions. Following O'Dell et.al [22℄, an
attrative long-range interation of gravitational form
an be indued by triads of frequeny detuned laser
beams resulting in the following dimensionless Gross-
Pitaevskii equation (GPE) for the ondensate wave fun-
tion ψ (r, t):
∂tψ = i∆ψ + iΘψ (1a)
Θ(r, t) =
∫ |ψ (r′, t)|2
|r− r′| d
3r′ − |ψ|2 . (1b)
The nonlinear response Θ onsists of both loal and non-
loal ontribution. Interestingly, for the gravitational
nonloal interation Θ ontains no additional parame-
ter (see also Appendix A). The ratio between loal and
nonloal term is solely determined by the form of the
wavefuntion ψ. We will see later (Se. IV) that for very
broad solitons the loal ontat interation ∼ |ψ|2 be-
omes negligible.
In this paper we will also onsider a seond, dierent
nonloal model, the so-alled Gaussian model of nonlo-
ality. Despite the fat that it is not motivated by a er-
tain physial system, it serves as a popular toy model
for the general lass of nonloal Shrödinger (Gross-
Pitaevskii) equations in one and two dimensional prob-
lems [14, 28, 29, 30, 31℄. Here, we will extend this lassi-
al model to three transverse dimensions, and moreover
allow an additional loal repulsive term similar to the
previous ase, and introdue
Θ(r, t) =
(
1
2π
)3/2 ∫
|ψ (r′, t)|2 e−|
r−r
′|2
2 d3r′ − δ |ψ|2 .
(2)
The additional parameter δ is neessary here to keep
trak of one of the two degrees of freedom of the Gaus-
sian response, i.e. amplitude or width, whih annot be
saled out (see Appendix B). The value of δ determines
the relative strength of the loal repulsive term. Note
that ompared to the above gravitational response, the
interation range of the Gaussian nonloal response is
signiantly shorter due to its rapid deay for r →∞.
As far as stability of loalized states is onerned, Tu-
ritsyn [23℄ showed that the ground state of the nonloal
Shrödinger equation with a purely attrative 1/r ker-
nel is stable (ollapse arrest) using Lyapuno's method.
A rather general estimate for non-negative responsefun-
tions has been found in [32℄ for arbitrary dimensions.
Bang at al. [14℄ showed, using the same method, that
for systems with arbitrarily shaped, nonsingular response
funtions with positive denite Fourier spetrum, ol-
lapse annot our. Obviously the stability of the ground
state is only a neessary but not suient ondition for
the stability of rotating higher-order states, whih we will
investigate in the following by means of numerial simula-
tions. In [33℄, linear and global (modulational) stability
under small perturbations of solutions of the Hartree-
equation was shown.
III. ROTATING SOLITONS
It has been shown earlier that azimuthons, i.e. multi-
peak solitons with angular phase ramp exhibit on-
stant angular rotation and hene an be represented by
straightforward generalization of the usual (nonrotating)
soliton ansatz by inluding an additional parameter, the
angular frequeny Ω [34, 35℄. We write
ψ(r, z, φ, t) = U(r, z, φ− Ωt)eiEt, (3)
where U is the omplex amplitude and E is the normal-
ized hemial potential, r =
√
x2 + y2 and φ denotes the
azimuthal angle in the plane (x, y). It an be shown, that
by inserting the above funtion into the nonloal GPE
(1) one an derive the formal relation for the rotation
frequeny [30, 36℄
Ω = −IL− I
′M +XL−X ′M
L2 −MM ′ , (4)
where the funtionals M,M ′, X,X ′, L, I, I ′ represent the
following integrals over the stationary amplitude proles
of the azimuthons
M =
∫
|U |2 d3r, (5a)
L = −i
∫
U∗∂ϕUd
3
r, (5b)
I =
∫
U∗∆Ud3r, (5)
X =
∫
Θ(r) |U (r)|2 d3r, (5d)
M ′ =
∫
|∂ϕU |2 d3r, (5e)
I ′ = i
∫
∂ϕU
∗∆Ud3r, (5f)
X ′ = i
∫
Θ(r)U (∂ϕU
∗) d3r. (5g)
3The rst two onserved funtionals (M) and (L) have
straightforward physial meanings of mass or number
of partiles and angular momentum. In the next Se-
tion, we will ompute approximate azimuthon solutions
and their rotation frequeny employing a ertain ansatz
for the stationary amplitude prole U .
IV. VARIATIONAL APPROACH
In order to get some insight into possible loalized
states of the Gross-Pitaevskii equation we resort rst to
the so alled Lagrangian (or variational) approah [37℄.
It is easy to show that Eq. (1) an be derived from the
following Lagrangian density:
L := i
2
(ψ∂tψ
∗ − ψ∗∂tψ) + |∇ψ|2 − 1
2
|ψ|2 Θ(r, t) . (6)
It has been shown before that rotating solitons or 'az-
imuthons' are assoiated with nontrivial phase and am-
plitude struture [31℄. In two-dimensional optial prob-
lems the simplest ase represents the state falling be-
tween optial vortex (ring-like pattern with 2π angular
phase shift) and optial dipole in the form of two out-
of-phase intensity peaks [29, 31℄. In three dimensions, a
reasonable ansatz for orresponding loalized solutions is
ψ (r, z, ϕ, t) := Ar exp
(
−r
2 + z2
2σ2
)
eiEt
× [cos (ϕ− Ωt) + ip sin (ϕ− Ωt)] ,
(7)
where parameter p varies between zero and unity. For
p = 0 Eq. (7) desribes a dipole struture onsisting of
two out-of-phase lobes, while for p = 1 it is a three-
dimensional vortex, i.e. toroid-like struture with zero
in the enter and azimuthal (in the (x, y) plane) phase
ramp of 2π. Using the ansatz Eq. (7), one an easily nd
that
IL− I ′M = 0, (8)
whih shows that only the non-linear terms ontribute to
the frequeny Ω (vide formula Eq. (4)).
After inserting the solution Eq. (7) into the Lagrangian
density L, and integrating over the whole 3D spae we
obtain the Lagrangian L whih is the funtion of varia-
tional parameters σ and A only. Looking for the extrema
of L leads to a set of algebrai relations among the vari-
ational variables.
A. The gravitational response
In this ase, the amplitude A an be expressed as a
funtion of p and σ as follows (see also Appendix C)
A2 =
5
√
2
(
1 + p2
)
49p4+86p2+49
120 πσ
6 − 9p4+6p2+932 σ4
, (9)
and the energy E is given by
E =
15
[
2π
(
49p4 + 86p2 + 49
)− 15p4−10p2−152σ2 ]
4σ2π (49p4 + 86p2 + 49σ2π)− 135− 90p2 − 135p4
(10)
Beause of the dierene in the denominator, the loal-
ized solution (with nite amplitude) exists only if its
width is greater than the ritial value σcr (p),
σcr =
3
2
√
5
π
√
3p4 + 2p2 + 3
49p4 + 86p2 + 49
. (11)
This threshold is an obvious onsequene of ompeti-
tion between nonloal and loal interation potentials,
beause the seond term in the denominator of Eq. (9)
is due to the loal ontat interation. While the former
being attrative, leads to spatial loalization, the latter,
whih is repulsive, tends to ounterat it. For small σ
the kineti energy term is large and an be ompensated
only if the partile density is high enough. In this regime
the loal repulsive interation prevails over the attra-
tion leading to the expansion of the ondensate until the
ondition for its loalization (i.e. σ > σcr) is satised.
The rotation frequeny Ω is then given by the following
relation
Ω = A2
σ2p
√
2
(
4σ2π − 5)
80
. (12)
Interestingly, this expression is not sign denite, whih
means that we an expet both positive and negative
rotation frequenies. In partiular, the azimuthon with
the stationary width σs =
√
5/4π ≈ 0.63 has no an-
gular veloity. Again, this eet is due to ompeti-
tion between nonloal and loal ontribution to Ω for
small σ. The nonloal attrative interation leads to a
positive ontribution to Ω, the repulsive loal intera-
tion to a negative one. The expression for Ω without
repulsion an be obtained by the outlined variational
proedure or by asymptoti expansion (σ → ∞) up to
O (1/σ2), Ω = 60(1+p2)p(49p4+86p2+49)σ2 . As expeted, this quan-
tity is stritly positive. Both urves Ω versus σ (p = 0.7)
with and without ontat interation are shown in the
right panel in Fig. 1. We an see that the repulsive loal
interation kiks in for σ < 1.5.
As we observe in Fig. 1, the mass behaves like
√
E lose
to E = 0 , sine generally, M ∼ A2σ5, and for σ → ∞,
one nds E ∼ 1/σ2 M ∼ 1/σ, whereas for σ → 0, one
nds E ∼ 1/σ2, M ∼ σ. The fat that the mass an
beome zero for E → 0 is a well-known property for
very long range kernels, suh as the Coulomb potential
in three dimensions [33℄. For shorter ranged responses
(e.g., Gaussian response, see Fig. 2), the mass attains its
minimum at a nite value of E. In the limit of solely
attrative loal interation (E → 0, σ →∞), the mass is
a monotonially dereasing funtion in E.
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FIG. 1: (olor online) The left panels show the dependeny
of the mass M (top) and the width σ (bottom) on the hem-
ial potential E. Blak urves show results from the varia-
tional approah inluding loal repulsion, dashed blue urves
are without ontat interation. The right panel shows the
angular frequeny Ω as a funtion of σ. Blak dots denote
results obtained from numerial simulations of the GPE (1).
All plots are for p = 0.7.
B. The Gaussian response
Repeating eah step of the previous alulations for
the Gaussian nonloal response, one ends up again with
expressions for amplitude A and rotation frequeny Ω,
given by
A2 =
√
2
(
1 + p2
) (
σ2 + 1
)9/2
(9p4+9+6p2)σ13
160 +
(4p2+1+p4)σ11
20 +
(1+p2)2σ9
8 − δFrep
(13)
with Frep = (σ
2 + 1)9/2(9p4 + 9 + 6p2)σ4/160 and
Ω = A2
p
(
σ7 − δ(σ2 + 1)7/2)σ2√2
16(σ2 + 1)7/2
. (14)
As already pointed out in Se. II, the additional parame-
ter δ is neessary due to an additional degree of freedom
of the Gaussian response, and xes the ratio between re-
pulsion and attration (see Appendix B). Obviously, for
δ = 0, the repulsive loal ontat interation vanishes.
Here, σs =
√
δ2/7/
(
1− δ2/7) ≈ 0.60 for δ = 0.01.
We observe that E ∼ 1/σ2, A ∼ 1/σ2,M ∼ σ ∼ 1/√E
for both small and large σ. Compared to the gravi-
tational response, the range of this potential is muh
shorter. Hene, when onsidering large σ the Gaussian
response ats more and more like a loal attrative re-
sponse and higher order solitons beome unstable (see
end of Se. V).
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FIG. 2: (olor online) Same as Fig. 1, but for the Gaussian
response given in Eq. (2). Blak urves are for δ = 0.01,
dashed blue urves without repulsion (δ = 0.01). All plots
are for p = 0.7.
V. NUMERICAL RESULTS
In this setion, the preditions of the variational ap-
proah will be onfronted with diret numerial simula-
tions. The approximate solitons resulting from the vari-
ational approah will be used as an initial onditions to
our three-dimensional ode to ompute their time evolu-
tion. In general, we nd stable evolution, in partiular
the harateristi shape of the initial onditions is pre-
served. For rotating azimuthons, the angular veloities
will be measured and ompared to the ones obtained in
the previous setion.
In Fig. 3 we illustrate the temporal evolution of three-
dimensional solitons for the gravitational response, i.e.,
solutions to Eq. (1). This rst two rows present the las-
sial stationary soliton solutions torus and dipole, respe-
tively. Due to imperfetions of the initial onditions ob-
tained from the variational approah we observe slight
osillations upon evolution, in partiular for the dipole
solutions (seond row). Those osillations are not present
if we use numerially exat solutions (obtained from an
iterative solver [38℄) as initial onditions (not shown). In
the last row of Fig. 3 we show the evolution of an az-
imuthon (p = 0.7, σ = 1). The rotation of the amplitude
prole is learly visible. Again we observe radial osil-
lations due to the imperfet initial ondition, but the
solution is robust.
Figure 4 shows the dependeny of the azimuthon ro-
tation frequeny as a funtion of the modulation param-
eter p. Solid lines represent preditions from the vari-
ational model, blak dots represent rotation frequeny
obtained from numerial simulations. As expeted from
two-dimensional nonloal models [30, 39℄, the modulus of
Ω inreases with p. Our variational alulations predit
that for small width σ, when repulsive interation omes
into play, the sense of azimuthon rotation hanges. In
5FIG. 3: (olor online) Dynamis of the three-dimensional sta-
ble solitons in gravity-like BEC. Iso-surfaes of the normal-
ized density |ψ|2 are depited for dierent evolution times,
the interior density distribution is represented in grey-sales.
The initial variational parameters used are σ = 1 and p = 1
(torus, iso-density surfae at |ψ|2 = 0.76) for the upper row,
p = 0 (dipole, iso-density surfae at |ψ|2 = 1.41) for the mid-
dle one and nally p = 0.7 (azimuthon, iso-density surfae at
|ψ|2 = 0.86). The sense of the rotation (Ω = 0.64) is indiated
by the arrows.
partiular, we found a stationary width σs where the
rotation frequeny Ω vanishes. Indeed, full model simu-
lations onrm this property, sine the rst row in Fig. 5
and 4, a) show a very slow rotation with opposite orien-
tation, so that the numerial stationary width is between
0.6 . . . 0.61. Hene, we propose that tuning the strength
of ontat interation in experiments allows to ontrol
the azimuthon rotation.
Furthermore, we observe that very narrow azimuthons
(σ → σcr) have negative Ω and rotate very fast (see
Fig. 1). This may be interesting for potential exper-
iments, sine the duration of BEC experiments is re-
strited to typially several hundreds of milliseonds.
However, for azimuthons very lose to σcr the ansatz
funtion 7 beomes less appropriate and using variational
initial onditions leads to very strong osillations upon
evolution, up to the point where is is no longer possible
to identify properly the rotation frequeny Ω.
Conerning the Gaussian nonloal response, we nd
very similar evolution senarios. Results shown in the left
panel in Fig. 6 for the Gaussian response underline the
observations from above, in partiular we also nd non-
rotating azimuthons at σ = σs. However, there are some
important dierenes. First, it seems that our ansatz
Eq. 7 is better suited for the Gaussian response, the ra-
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FIG. 4: (olor online) Azimuthon rotation frequeny Ω vs
modulation parameter p in gravity-like BEC, for σ = 0.6 ≈ σs
(left panel) and σ = 3 (right panel). Blak urves show re-
sults from the variational approah inluding loal repulsion,
dashed blue urves are without ontat interation. Blak
dots denote results obtained from numerial simulations of
the GPE (1).
FIG. 5: (olor online) The upper row shows iso-density sur-
faes at |ψ|2 = 7.63 for the very slow rotating (Ω ≈ 0) az-
imuthon with p = 0.7 and σ = 0.61. The lower row shows a
fast ounter-rotating (Ω = −2.24) azimuthon with p = 0.7,
σ = 0.5 and iso-density surfae at |ψ|2 = 32. Same plot style
as in Fig. 3.
dial osillations we observed with the gravitational are
still present, but muh weaker. The seond dierene is
due to the fat that the Gaussian response has a muh
shorter range than the gravitational one. For large σ
the Gaussian kernel ats like a attrative loal response.
As a onsequene, higher order solitons beome unstable
in the sense that the two humps spiral out. We observe
unstable evolution in numerial simulations for σ & 0.9 at
p = 0.7. The right panel in Fig. 6 visualizes the ause of
this instability: For inreasing sigma the resulting on-
volution term Θ [Eq. (2)℄, whih is responsible for the
self-trapping, beomes smaller in amplitude and asym-
metri in the rotation plane, whih eventually leads to
destabilization of the azimuthon.
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FIG. 6: (olor online) Azimuthon rotation frequeny Ω vs
modulation parameter p in BEC with solely attrative Gaus-
sian nonloal response for σ = 0.6 ≈ σs (left panel). Blak
urves show results from the variational approah inluding
loal repulsion (δ = 0.01), dashed blue urves are without on-
tat interation (δ = 0). Blak dots denote results obtained
from numerial simulations (Eq. 2, δ = 0.01). The right panel
shows proles of the onvolution term Θ [Eq. (2)℄ for σ = 0.6
and σ = 1. Solid lines orrespond to proles along the major
axis of the resulting ellipsiod (z = 0, ϕ = 0), dotted lines to
those along the minor axis (z = 0, ϕ = pi/2).
VI. CONCLUSION
We studied formation of rotating loalized strutures
in Bose Einstein ondensate with dierent nonloal inter-
ation potentials. We suessfully used variational teh-
niques to investigate their dynamis and showed numer-
ially that suh loalized strutures are indeed robust
objets whih persist over long evolution times even if
the initial onditions signiantly dier from the exat
soliton solutions.
For rotating solitons (azimuthons), we derived analyti-
al expressions for the angular veloity, in exellent agree-
ment with rigorous three-dimensional numerial simula-
tions. Furthermore, we show that it is possible to ontrol
the rotation frequeny by tuning the loal ontat inter-
ation, whih is routinely possible by Feshbah resonane
tehniques. In partiular, we an hange the sense of ro-
tation, and we an nd non-rotating azimuthons. We also
identify parameter regions with partiularly fast rotation,
whih may be important for potential experimental ob-
servation of suh solutions.
By using dierent nonloal kernel funtions we showed
that rotating soliton solutions are generi strutures in
nonloal GPE's. Hene, we onjeture that the phenom-
ena observed in this paper are rather universal and apply
for a general lass of attrative nonloal interation po-
tentials.
APPENDIX A: NORMALIZATION OF THE
GRAVITATIONAL MODEL
We onsider a Bose-Einstein atomi ondensate with
isotropi interatomi potential onsisting with both, re-
pulsive ontat as well as attrative long-range nonlo-
al interation ontributions. Following O'Dell et.al [22℄
the attrative long-range interation whih is eletro-
magnetially indued by the triads of frequeny detuned
laser beams with the intensity I an be presented in the
gravitational form
UGr (r˜) = − 11
4π
Iq2α2
cǫ0
1
r˜
= −u
r˜
(A1)
Here, q is the modulus of the wave vetor, α the isotropi,
dynami polarizability of the atoms, c the light veloity
and ǫ0 the permittivity of the free spae. Then the om-
plete two-body interation potential is given by
V (r˜) =
4πa~2
m
δ (r˜)− u
r˜
, (A2)
where the rst term omes from the ontat s-wave sat-
tering, a is the sattering length, and m is the atomi
mass. The potential an only be written in this form, if
the mean kineti energy per partile dominates the u/r˜-
term, so that the short-range hard-sphere sattering is
not aeted. This is fullled, if aB ≪ λB ≪ a, where
aB :=
h2
mu is the Bohr radius, assoiated with the inter-
ation, and λB is the de Broglie wavelength.
The temporal and spatial dynamis of the ondensate
wave funtion ψ˜
(
r˜, t˜
)
is then governed by the the follow-
ing Gross-Pitaevskii equation (GPE):
i~∂t˜ψ˜ +
~
2
2m
∆r˜ψ˜ + u
∫ ∣∣∣ψ˜ (r˜′, t˜)∣∣∣2
|r˜− r˜′| d
3
r˜
′ψ˜
−4πa~
2
m
∣∣∣ψ˜∣∣∣2 ψ˜ = 0.
(A3)
Using the normalization
ψ :=
√
8πaR2cψ˜ =:
1
ψc
ψ˜ (A4a)
r :=
√
um
4πa~2
r˜ =:
1
Rc
r˜ (A4b)
t :=
~
2mR2c
t˜ =:
1
Tc
t˜, (A4)
one ends up with the dimensionless GPE (1). The a-
tual values for the saling parameters are Rc = 19µm,
m = 3.8 · 10−26kg, a = 3nm, u = 2 · 10−13eV nm,
T c = 0.25s whih orresponds to typial experimental
onditions [22℄. Then one nds that for the ondensate
onsisting of, say, N = 10000 atoms the above normal-
ization gives
M =
∫
|ψ|2 d3r = N
ψ2cR
3
c
≈ 42. (A5)
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For the Gaussian response, one has to start from the
equation
i~∂t˜ψ˜ +
~
2
2m
∆ψ˜ − 4πa~
2
m
∣∣∣ψ˜∣∣∣2 ψ˜
+AR
∫ ∣∣∣ψ˜ (r˜′, t˜)∣∣∣2 e−|r˜−r˜′|22σ2R d3r˜′ψ˜ = 0
(B1)
Here, the degree of nonloality (i.e. σR), that is xed
for the 1/r-response, and the amplitude AR of the the
response funtion an be hosen. By using the normal-
ization
ψ :=
1
4
~23/4
σ2π3/4
√
ARσm
=:
1
ψc
ψ˜ (B2a)
r := σRr˜ =:
1
Rc
r˜ (B2b)
t :=
2σ2m
~
t˜ =:
1
Tc
t˜ (B2)
δ :=
a~2
√
2
σ3R
√
πmAR
, (B2d)
one ends up with Eq. 2, that has the additional degree of
freedom δ.
APPENDIX C: CONVOLUTION
The onvolution term in the Lagrangian (6) an be
alulated analytially by, for instane, re-writing the
integrand in terms of spherial harmonis Yij . Then,
|ψ (r)|2 = ∑ yijYij , where yij denote the oeients of
the spherial harmonis, and the onvolution integral an
be easily alulated leading to the following result:
1
2
∫
|ψ (r)|2
∫ |ψ (r′)|2
|r− r′| d
3
r
′d3r
=
1
2
∫ ∞
0
∫ r
0
4πrA4r′2 exp
(
−r
′2 + r2
σ2
)
×
(
y200 +
1
5
y220
(
r′
r
)2
+
2
5
y22±2
(
r′
r
)2)
r′2dr′r2dr
+
1
2
∫ ∞
0
∫ ∞
r
4πr′A4r2 exp
(
−r
′2 + r2
σ2
)
×
(
y200 +
1
5
y220
( r
r′
)2
+
2
5
y22±2
( r
r′
)2)
r′2dr′r2dr
=
49 + 86p2 + 49p4
240
σ9π
5
2A4
1√
2
.
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